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SOLID ¿-VARIETIES AND HENSELIAN FIELDS
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ABSTRACT. Let k   be a field with a nontrivial absolute value.  Define prop-

erty (*)  for k: Given any polynomial fix)  in  k[x]  with a simple root  a. in k;

then if gix)  is a polynomial near enough to fix), gix) has a simple root  ß near

<x.  A characterization of fields with property  (*) is given.   If  Y  is an affine k-

variety, Y C/£<"), define  Y_k = Y n *(«). Define  Y to be  so/ia" if HY) =/(Yfc) in

7c[xi,.", xj.  If 77: y —> /t"  is a projection induced by Noether normalization,

and if k  has property (*), then   Y  is a solid  ft-variety if and only if 77(Yfe) con-

tains a sphere in  /£".  Using this charactetization of solid  ¿-varieties and Bertini's

theorem, a dimension theorem is proven.

0. Introduction.  In [3], D. Dubois and the author proved a dimension theorem

for real primes.   The method used in that paper is here extended to take care of

/5-adic type fields.  The idea is rather simple.  Let k be a field with a nontrivial

absolute value   |   | : k —»R  satisfying property (*) (see  §1).   Property  (*)  essen-

tially says that if a polynomial f(x) in  k[x]  has a simple root a  in  k, and if

g(x) is a polynomial of the same degree as f(x) which is  "near" f(x), then g(x)

has a simple root ß neat a.   It is this property of real closed fields which en-

abled us to prove the main theorem of [3].

In  §2  we define a solid /«-variety to be an  (affine) ¿-variety that is deter-

mined by its ¿-points.  If k is a field with property (*), we show that a ¿-variety

Y is solid if and only if any projection  77: Y —► k    induced by Noether normaliza-

tion has the property that ?r(Y,) contains a  "sphere"  in  k   . We define   Yk to be

the  ¿-points of  Y.  As in  [3], one can prove a dimension theory and this is done

in  §3.

In  §1  a characterization is given of fields with absolute value satisfying

(*).   If the absolute value is archimedian, the field is real closed or algebraically

closed.  If the absolute value is not archimedian, the field is Henselian.

In the final section some examples are given to show that if k is the quo-

tient field of the Henselization of a localized ring of algebraic numbers, then

there exist ¿-varieties with no  ¿-points.

1. Henselian fields and real closed fields.  Let k be a field with an absolute

Received by the editors February 5, 1971.

AMS 1970 subject   classifications.   Primary 14G20, 13J15; Secondary 13C15, 13A15-
Key words and phrases.   Henselian field, absolute value, /c-variety, real closed

field, Noether normalization, dimension theorem.

Copyright © 1972, American Mathematical Society

187



188 GUSTAVE EFROYMSON [August

value |  |: k —> R (the real numbers). We assume  |   |  is nontrivial, i.e. takes on

values other than  0 and  1.

Denote by (*)  the following property of  k, \   \:

(*) Given

(i) f(x)= £?=0»V¿ in k[x], an4 0,

(ii) a   in k, a simple root of f(x),

(iii) e > 0;

then there exists  8 > 0, depending on f, a  and e, such that if g(x) =  5^"_nz? -x;

with  \b . - a \ < 8 for all j, then g(x) has a simple root  ß in k and \ß - a\ < e.

If the absolute value on k is nonarchimedian, we let A = [a e k\ \a\ < 1 ! and

m = \a e k\ \a\ < l!.  Then A, 722  is the valuation ring of the absolute value.  We

define  v: k —>R, the associated valuation, by v(a) = - log  |a|.

Theorem 1.   Let k,  \   \, A, m, etc.   be as above.

(a) // the absolute value is not archimedian, the following are equivalent:

(1) A, 722 z's Henselian.

(2) Given any f (x) in A [x], f(x) = x" + Yj"Zria 'x' w^ simple root a

in A, and given e > 0; there exists  S > 0 such that if g(x) = x" +  Y,"Zr\b -x' and

\b. — a \ < 8, i = 0, • • ■ , 72 - 1, then g(x) has a simple root ß in A and \ß- a\ < e.

(3) k, I   I   has property (*).

(b) // the absolute value is archimedian, then k has property (*)   if and only

if k  is real closed or algebraically closed.

Proof,  (a) We show first that (1) implies (2).  Following Lang [7, Proposi-

tion 2, p. 29], we find a root for g(x) in the completion of A   and then apply a

result of Nagata to conclude the root is in A.

Let f(x) = (x - a)h(x).  Then f'(a) = h(a). Let |/'(a)| = \h(a)\ = d. We can assume

e < 1   and now choose  8 = d e.  Then if g(x) is of the required form, g(x) =

(x - a)h(x) + cl(x) where l(x) £ A[x] and  |c| < d2e. Then ¿(a) = k(a) + cl'(a)

and so |g'(a)| = d. Also g(a) = cl(a) so  |g(a)| < d2e and  \g(a)/g'ia)\ <

d e/d = de.

Now let ßQ = a, ßi = ß{_ l - g(/3¿_ 1)/g'ißi_ ,)•  By induction we can show

I/3z + l - ßi\ < **'•   IWI < d2(2J   Wh^n   l = °>  Í/8! - ß0l ̂  *'   I¿WI  < d2('
Now suppose  ¡ßi-ßi^l^^'   \   ¡giß^^S^e21   \  Then  \ß.+l - ß.\ =

|g(/3¿)/g'(/3.)|.   But gißi) = gißi_l) + ißi-~ßi_i)g'(ßi_1)+(ßi-ßi_1)2\-'-A since

(l//)/(/)(x) is in A[x] for all  /.  So g(/3¿) = (ß{ - ß ._")2 [• » ■] and so  \g(ßt)\ <

d2e2i. Similarly   \g'(ß.)\ = ¡g'iß^)] = \g'(ß0)\ = d.  So  \ß{+l - ß.\ < d2t*Vd =

de    .  Let A  be a completion of A  with respect to  |   |. Then we have lim.^ßj-

= ß is a root of g(x).   But by Nagata  [9, Theorem 12, p. 3l], any element in A

which is separably algebraic over A  is in the Henselization of A.  So ß £ A

since, by assumption, A  is Hensel. Also  |ß - <x| < de < e.
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(3) =^(2) is trivial.

(2) =^(3). Let f(x) = Y"     a .x', a . £ k.  By multiplying by a nonzero constant,

we can put all a . in A.  Since this operation is bicontinuous, we can assume  f(x)

= Yj"i-OaixÍ' a11 ai €A' an^ °-

J Now'u )"-7(x) = (*"*)" + «      ,(a   x)"-1 + ... + a      .«>' ~ 1 (a   x)n~j +77 '   v    ' 72      ' 77—1       77 77—;      77 77

...+ a.a"-1 = Ma   x) where h(x) = x" + Y."   , a      .a'~^ xn~'.
0 77 77 Zj J - 1      72—;      77

If b   x" + b      . xn~ l + ... + b- = g(x), let l(x) = xn + Yn  ,b     .V-lxn-i. Sup-
77 77—1 0       °        ' '-'7=1    77—7    n r

pose  I(x) has a root a £ k.  Then  h(x) has a root a   a  which must be in A.  Then

if f' < e\b   |, there exists 8'   so that if I¿>      .b1 ~l - a1 ~   a      . | < <5', then  l(x)
1 771 ' '     77 — 7      n 77 72—7

has a root  ß    with  |/3   - a   <x| < e . We can also assume  \b   — a  \\a\ < e'.  Then
" '" n      ' '      7! 721   '       '

let ß' = ¿>nß and then  |è   ß - and\ < €', and so  \b   ß - bna\ < e'  and  |ß - a\ <e.

Choose  8 so that   \b ■ - a .1 < f5 for all  2  implies   \b    - a   \ \a\ < e'  and'2 21 r '     77 721   '      '

|¿>      .è7-    — a1 ~ a      \ < 8', which is certainly possible.1 72—7      72 72 72— 71 ' '    r

(2)==>(1).   By Nagata [8, (43.2)], it is enough to show that if f(x) = xn +

V?~   a.x1  is in  A[x],  a.  in 772,  a.  not in m, then / has a root a.  in  222.

Suppose / does not have such a root, then one can assume / is irreducible

by taking an irreducible factor of / of degree > 1   which has a.  in  772,  a ^   not in

772.  This / will have a root a  in A, the Henselization of A. Moreover a  is a

simple root since a^4 m.

We let  L  be a splitting field for f(x) over ¿  and assume  ¿[a] C L.  Let v.,

■ • -, v     be the extensions of the valuation  v to  L.  Let  H = G(L/¿[a]) be the

Galois group.  Let a., • • •, a    be elements of G(L/k) such that a,H, • • •, a  H

is a complete set of coset representatives of G/H.  Let a.  be the identity.   Then

72

fix) = I~J (* - ai°^-
2=1

Now v,° a. = v ■ for some i.  Let v.  be chosen so v .(a.) > 0.  This is possible

since  aQ e 772.  Now if a £ G(L/k) and  v. °a= v     we have  a £ H.  For it a i H,

then ocl/ a  and  v. (act) = 0 (since a . é m).  So let v.,•••, v    be the different

valuations in the set  \v. ° a ■! of valuations restricted to ¿[al  and suppose  7/. ap-

pears  t- times.

Now choose y1 = 0;  y2, • • • , ys all units in A.  Let e = 1  and g(x) =

II's_.(x — y.) z.  Note that  f. = 1  by the argument given above.  Let 8 be the delta

assigned to g(x), y); e by  (2).  Let  |   | . be the absolute value associated to v..

By the approximation theorem [2, p. 136], we can find  ß in ¿[ct]  such that

|ß - y;|; < 8,  i = 1, • • • , s.   Let  ÎI"=1(x - a{ß) = h(x).  Then h(x) £ A[x]  since

ß e A[a], and  |a7(ß) - y-| l= \ß - y.\ ■ < 8,  i = I, • • •, n.  Thus è(x) is near

enough to g(x) to have a root  y in A  and   |y| < e which means  y is in  722  and so

y = ß  since, by construction, all other roots of h  ate units.   But a.ß ■/ ß tot

2 > 1   and so  ß  cannot be in  A, a contradiction.
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(b) In [3]  it is shown that a real closed field has property (*).   A sketch of

the proof follows.  Let f (x)  have  a  simple  root   a   in  k.  Then   / (a) 4 0 and

we can find  yet  so that   |y| < e and f(a- y) < 0 < f(a+ y).  By choosing  8

small enough, we can be sure that if g(x) is chosen as in (*), we have g(a — y)

< 0 < g(cx+ y)  and so g(x) has a root  ß with   |/3 - a| < e.

It is obvious that an algebraically closed field has property (*).

Now assume  k has property (*).  By Ostrowski's theorem [2, p. 131], it is

known that the given absolute value is equivalent to one induced by an embedding

a of k  in  R  or  C  following by the usual absolute value on  R  or  C.

Case 1.  We suppose a maps  k  into  R  and so we can consider k  as a sub-

field of R.  If a   is a real number algebraic over  k, we need only show a e k. Let

f(x) = Irr(cx, k, x) = II", (x - a.)  in  C[x],  We can regard a l  as the embedding

t7j:/é[a]c—>C, cTj(a) = ar  The other embeddings of k[a] ^-» C are given by a.(a)

= ex..  Now let  I   I    equal  |   | oa.: k —» R  (\a + b \ = (a 2 + b2)Vl).  We easily see

I .   is not equivalent to any of the other  |   | ..   Let  |   | ,, |   | ,, • ■ • , |   |     be the

inequivalent absolute values and let  t. = 1  if o .(k) C R, and  t. = 2  if not.

Choose  y , • • • , y    in k  so  y. / y. if  z > 1.  Choose e < min(|yj - y .|/2)

and let g(x) = îlf  , (x - y.) '.  Let 5 be the delta assigned by   (*) to g(x), y , e,

and assume  8 < e.   By the approximation theorem   [2, p. 136], given  8   > 0   we can

find  jß e /e[a]  so that  |/3 - y¿| ; < 8' = 8/n  for  i = l,---, s. Then |cT.(/3)-y.| < §'.

Let ¿(x) = n"_j(x - a.(ß)).  Then we can choose  8'   so that h(x) is within 5

of g(x).  Then ¿(x) has  a root y in k within e of y., but this implies y=/S. We

now get the contradiction; ß is in  /e  and o 2ß 4 ß-

Before we consider the next case we prove

Lemma.   Let a: k C—>C  be an embedding inducing the absolute value   |   |   072

k.   Let  t: C —> C be any automorphism and let   |a|   = |r(a)|.   Then k, \   \   has

property (*)  if and only if k, \   |    does.

Proof. Assume  k, |   |   has property (*).  Identify  k with o(k).  Let f(x) =

Y™ _Qa .x1 be in  k[x] with simple root a  in  k.  Then fT(x) - V7! _Qr(a .)xl has

simple root  r(a).   By assumption, there exists  ¿5 such that if g(x) = V^.è.x2

where   \b . - a \   < 8, then g7 (x) has a simple root  ß , where   |/3   - r(a)\ < e

(since   |c7¿-a;|r<S if and only if  \r(b .) - r(a .)\ < 8).  Let  ß=r~\ß').   Then

\r(ß) - r(a)\ < e and so   \ß - a\   < e and  ß is a simple root of g(x).

Now back to kc—» C.  We wish to show we can assume Case 2:   There is a

subfield  h  of /e  so that &  is algebraic over h and  ff(¿) C R.   To do this, let

U .!.   . be a transcendence basis for k over Q.  Choose  {« ! .£, asan algebraically

independent set in  R  and define   r: Q(j2* .!) c_,/?   so  r(t.) = u ..  Extend  7 to

r:k<—» C and let  i = Q(¡/.!).  If the  zz¿ are chosen correctly, there exists an auto-

morphism p  of C  so that  r = p°o-:zeC_>C.  Replace   |   |  by   |   |     and we have
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Case 2.  There is a subfield  h oí k  such that a(h) C R  and  k is algebraic

over h. We can consider then h C ¿ C C,  h C R.  Take a £ R,   a algebraic over k.

Then  Irr(a, ¿, x) has a real root  a.  We can now apply the same argument as in

Case 1  to conclude  a. £ k.  Thus  k contains a real closure of h in  C and so ei-

ther k is real closed or algebraically closed. Q.E.D.

2.   Solid  ¿-varieties.   Let k be a field, k   its algebraic closure. A ¿-algebraic

set is a subset of k n which is the set of zeros of some ideal / C [X .,••., X ].  A

variety   y is an absolutely irreducible algebraic set (i.e., the algebraic set deter-

mined by I(Y) <S> k   in ¿[X j, • • •, X ] is still  Y and cannot be written as the

union of two smaller algebraic sets in k ").  In characteristic  p,   Y  must also be

separable, i.e. k(Y) separable over ¿.

Now let  Yk = Y n kM, and I(Yk) = [/ eft[Xj,..., X ]|/(P) = 0 for all P  in

Definition.  Let  Y be a ¿-variety.  Then  V is a solid ¿-variety if l(V, ) = l(V).

Now let  V be ¿-dimensional.  Let T[Y] be the coordinate ring ¿[X„ • • •, X ]/l(Y).

Then by Noether normalization  [10, p. 266], there exist x    • • • , x , independent

transcendentals in T[Y]  so that T[Y] = ¿[x     • • . , x ]  is integral and separable

over   ¿[x ,,'••, xd].  Let  77: Y —» A   (k) = k~    be the associated projection.  Then

77 induces  77, : V,  —> k  .

Now let  k be a field with absolute value   |   |.  We can use this absolute value

to define a metric on  kd by defining  \P - Q\ = (£?_j |x .(P) - x (Q)\ 2)H  for  P, 0

'P.e-
in kd. We define a sphere Sp       P £ kd, e > 0, to be \Q £ kd\ \P - Q\ < el

Theorem 2.   Let k, \   \  satisfy (*).  Let  Y  be a  k-variety of dimension  d,

n: Y —» k     as above.   Then  Y  is a solid k-variety if and only if n,(Y,) contains

some sphere S „    .

Proof.  First assume   Y is a solid  ¿-variety.  Let  B =ft[x,,...„ x  ].  ChooseJ •"      1' '       72

z £ B  so that  ¿ [x    ■ . . , xd, z] has the same quotient field as  B.  Let f(z) =

V^     a .(x „ • • • , x ,)Z' be the primitive irreducible polynomial for z over

k (x    • . • , x ,). Then / is irreducible in k [x     • • • , x ,, Z],  Now x ,+. =

UZfoij^l'"'' xd)/cij{xv'"> xd^zÍ where  è2ï' cij ek[xv..., xj. Let (7 =

\P' £ Y\a.m(P') / 0, all  c..(P') / 0, and (df/dz)(P') ¿ 0|.   Then  1/  is Zariski open

and nonempty in  Y.  Since   Y  is solid, I/O Y,   is nonempty.  Choose  P' £ U (~) Y,

and let  P = tt(P').  Then z(P') is a simple root of fp(Z) = £™! = Qa¿(P)Z¡'.  Now

choose  e  small enough so that, if 0 £ kd and  |0 - P| < e, we have

(1) all c..(Q) / 0,

(2) am(Q)/0,

(3) /   (Z) = £7=0az-(Q)Z¿ has a. simple root  a £ k.

To get (3) we use the  (*)  condition.
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We will now show if we define

Q' = (xj(e), • • •, xdiQ), xd+liQ, a),..., xAQ, a))

that  0'   is a point of  Y,   with  77iQ') = 0.

To see this, note / irreducible in k[x    • • •, x ,, Z] implies (/) is prime in

this ring.   But  Z —► z  induces a homomorphism k [x ,, • • •, x ,, ¿] —» k\x ,,•••, x ,, z]

which is onto.  Since the image is an integral domain, the kernel must be a prime

ideal containing  (/), but by looking at dimensions, we see the kernel must be  (/).

So x . —► x .(Q),  Z —» a, induces a homomorphism k[x „ • • • , x ,, z] —► k.  This

homomorphism extends to a homomorphism  B —> k since all  c . .(Q) 4 0 and this

corresponds to a point of  Y,   which is just 0'.  This shows   Z7(Y\) D Sp g.

Now assume  77, (Y,) Z> Sp   .

We prove the following lemmas.

Lemma 1.  // f(x ,,•••, x ,) £ k[x ,,•••, x ,] and f(Sp   ) = 0 for some sphere,

then / = 0.

Proof.   By induction on d.  If d = 1, f (x) has an infinite number  of roots and

so / = 0.

For d > 1, we can assume   P = (0, • • • , 0) without loss of generality.   Fix a

with  |a| < e.  For g(x¡,»»», xrf_ j) = /(xp • ••, xrf_1? a), we have giO) = 0 if |Q|

< e - |a|, and so by-induction g = 0.   But then for each fixed a     • • • , a ,_ ,,

f(a     ••• , a ,_ v x) has an infinite number of roots and is identically zero.

Lemma 2. Let Y be a variety of dimension d and let a: V —» A (k) be a

morphism such that a, (Y,) D Sp   .  Then  Y  is solid.

Proof.   If  V  is not solid, then there exists an algebraic set  W of codimen-

sion one in   Y such that  W D Vfe.  But then a(W) D a(Vk) D aAVk) 3 Sp f.   But

oiW)  is of codimension at least   1  in A   (k)  and so there exists   / £ k[x., •••, x ,]

such that f(a(W)) = 0 which contradicts Lemma 1.

Now apply Lemma 2 to 77 and we see   V  is solid.

3.  The dimension theorem for solid ¿-varieties.

Theorem 3. Let k be a field with an absolute value satisfying (*), Let Y

be a solid k-variety; W • • • , W subvarieties of Y of codimension at least 2.

Then there exists a solid k-variety W of codimension  1   z'72   Y such that   W D W.

U . ..U W
r*

Proof.  Let 27 : Y —» A  (k ), d = dim Y be as in §2.  Then 27 is surjective.

We let 77(1^ .) = Z ..  By  [3, Proposition 2], there exist g ,,•••, g     in k[x , • • •, x ,]

such that
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(1) g/Z.) = 0 for all  i, j;

(2) ttdegkk(gv...,gs)>2;

(3) g y • • •, g- have no common component.

Actually Proposition 2 in [3l  was proved with the assumption of characteristic

zero, but this restriction is easily removed.

By Theorem 2, there exists  a  sphere  Sp    C rr,(YA.  We can arrange it so

that Sp      n ( U¿_ i z¿) = 0 .  Now choose / £ k[x v • ■ ■ , xd\  so that f(P) 4 0 and

f(Z .) = 0, all /'.  We also choose / of degree in x , greater than that of all the g-'s.

Let f(x ,,•••, x ,) = Yj™-gu •(* l' ' ' * ' xd-OxÍf  Then on a Zariski open set of

A   ~ (k), we have  a    (x     • . . , x,_A ■/ 0.  We can change  Sp     again so that

am(xy/P),---,xd_l(P))/0L

Consider the map a : Ad(k) —» Ad~1 (k) given by a: (x j,- • •, xj —» (x v • • •, xrf_ t).

Then we have a   (ct(P)) ^ 0.

Now multiply / by x , - x ,(P)  and we get a new / with f(Z .) = 0, all  i, and

moreover x J(P) is a simple root of /(xj(P), •••, xd_y[P), xj).

Consider the linear system / + Yf_, X.g . which can be considered as a linear

system on   Y or on Ad(k) = 77(Y).  Then

5 777

f+TJXiSi=am{xV"'Xd-l)xd+1+    Z   Ci{xl>---'Xd-VXl>--->K)xa d

and

7=1 2=0

h(Xy     •••     ,     Xs,     Xy--.,     Xj),

a   (a(P))/ 0.

Since the  a     and the  c . are continuous in x ,, • • • , x ,,  X,, • • ■ , X : we can find
772 2 1' '    a/      V '     s'

spheres S^p.    , in ¿    and 5Q   „  in  ¿s  so that

If (by-.- , bd_l) is in  Scr(p)(l   and (Xy ••• , XJ  is in S0f», then

è(À,, ■ • • , À , b ,, • - - , è ,   ., x ,) as a polynomial in x . has a root  è , and

(by,- • • , ¿rf)  is in  5p f.

Now consider /+Y-,À.g.   as a linear system on  Y.  Then by Bertini 's theo-

rem, [4]  or  [5] as used in  [3], we see there is a Zariski neighborhood of

(0, • ■ • , 0)  in As(k) = k s  so that for (À., • • • , À )  in this neighborhood, we have

V(f + Ys. _,X.g) is a variety.  Here   V(f + Y s. _. X.g .)  equals the zeros of / +

ys,A.g. on   Y.  Now choose  (À,,---, À )  in the intersection of this Zariski

neighborhood with S -    „.  Then let  W = V(j + X^-i^-'S ^  anc^ ** 's easY to check

that a ott(W) 3 -^o-fp) ,/•  Then by Lemma 2,   yV is a solid  ¿-variety and it is easy

to see that it has all the properties we desire.

4.   Applications when k C Q.   One can get lots of applications of Theorem 3
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by using Theorem 1  to construct fields with property  (*).   For instance, let  K be

a number field, that is, a finite algebraic extension of 0, the rationals.   Then let Ö

be the algebraic integers in K and choose any prime p CÜ.  Then U    is a rank  1 valua-

tion ring.  Let G    be the Henselization of G    and by Theorem 1, if k  is the quotient

field of G  , then  k has property (*).  Note these fields can be embedded in  0, the

algebraic closure of 0.

Now in  [l]  and [6], Ax and Jarden consider subfields  k  of Q  which have the

property that all ¿-varieties have points in  k.  It is obvious that this is not the

case for fields constructed from number fields as the following standard examples

show.

Proposition 1.  Let 0 be the ring of integers in some number field, p a prime

in Ö a72a' G    the localization.   Let A  be the Henselization of G    and m the maxi-
P '      P

mal ideal of A.   Let  k be the quotient field of A.   Then there exists a projective

(and hence also an affine) k-curve which has no points in  k.

Proof.  Note  A/272A = 0  /p&    and so is finite.  We first assume that the

characteristic of A/722A   is not 2 and that A/772A   is not a field with three elements.

Then we can choose  a £ A   so that  a 4 0, 1  or  2 mod 722.   Let q = order of A/722A.

Then  Xq~   mod 722 takes on only the values  0 and   1.  So the equation  Xq~    +

Yq~    = aZq~     defines a projective  ¿-curve  C with no k-points.   For we can

multiply through so if (X,  Y, Z) £ C, then all of  X,  Y, Z  ate in A   and at least

one is a unit.   Then  Xq~    + Yq~    = 0, 1  or  2 mod 222  and is = 0 if and only if X

and  Y ate both not units.  But aZq~    = a mod 722 if Z is a unit and 0 if Z  is not

a unit.   Thus we get the contradiction that none of  X,  Y, Z can be units.

If A/222A   is of characteristic  2, choose  r > 2  large enough so that  222' C (2).

Now choose 72  so that if X £ A, X" s 0 or  1   mod 272r. Then choose a unit a   in A

with a ^ 1 mod 7?2r.  Then X" + Y" = aZ" defines a projective  ze-curve with no

¿-points.  Characteristic 3 is taken care of similarly.
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