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SOLID %-VARIETIES AND HENSELIAN FIELDS
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ABSTRACT. Let k£ be a field with a nontrivial absolute value. Define prop-
erty (%) for k: Given any polynomial f(x) in k[x] with a simple root a in k;
then if g(x) is a polynomial near enough to f(x), g(x) has a simple root B near
a. A characterization of fields with property (*) is given. If Y is an affine k-
variety, Y Ck (), define Y}, =Y n k(®). Define Y to be solid if IY) =I(Yp) in
klx JPRRRN x,). If m: Y — k9 is a projection induced by Noether normalization,
and if k£ has property (*), then Y is a solid k-variety if and only if #(Y}) con-
tains a sphere in k9. Using this characterization of solid k-varieties and Bertini’s
theorem, a dimension theorem is proven.

0. Introduction. In [3], D. Dubois and the author proved a dimension theorem
for real primes. The method used in that paper is here extended to take care of
p-adic type fields. The idea is rather simple. Let k be a field with a nontrivial
absolute value | |: # — R satisfying property (*) (see $1). Property (%) essen-
tially says that if a polynomial f(x) in k[x] has a simple root a in &, and if
g(x) is a polynomial of the same degree as f(x) which is '‘near’’ f(x), then g(x)
has a simple root 8 near a. It is this property of real closed fields which en-
abled us to prove the main theorem of [3].

In §2 we define a solid k-variety to be an (affine) k-variety that is deter-
mined by its k-points. If & is a field with property (*), we show that a k-variety
Y is solid if and only if any projection m: Y — E? induced by Noether normaliza-
tion has the property that #(Y,) contains a “‘sphere’ in k%. We define Y, to be
the k-points of Y. As in [3], one can prove a dimension theory and this is done
in §3.

In $1 a characterization is given of fields with absolute value satisfying
(*). If the absolute value is archimedian, the field is real closed or algebraically
closed. If the absolute value is not archimedian, the field is Henselian.

In the final section some examples are given to show that if & is the quo-
tient field of the Henselization of a localized ring of algebraic numbers, then

there exist k-varieties with no k-points.

1. Henselian fields and real closed fields. Let & be a field with an absolute
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value | |: £ — R (the real numbers). We assume | | is nontrivial, i.e. takes on
values other than 0 and 1.
Denote by (*) the following property of &, | |:
(%) Given
(@) f(x) = N7 ja,xtin klx), a_#£0,
(ii) a in k, a simple root of f(x),
(iii) € > 0;
then there exists & >0, depending on f, a and ¢, such that if g(x) = 2] ob x7
with Ib] - a]| < & for all j, then g(x) bas a simple root B in k and |B - a| <e
If the absolute value on % is nonarchimedian, we let A = {a € k| |a| < 1} and
m ={a € k| |a| < 1}. Then A, m is the valuation ring of the absolute value. We

define v: & — R, the associated valuation,

Theorem 1. Let &, | |, A, m, etc. be as above.
(a) If the absolute value is not archimedian, the following are equivalent:

(1) A, m is Henselian.

(2) Given any f(x) in Alx], f(x) = x™ + E" lajxf with simple root o
in A, and gwen € > 0; there exists 6> 0 such that z/ glx) = x" + Zn'lb x7 and
|b,-a,]<8,i= ,n—1, then g(x) has a simple root B in A and |/S al <e

(3) &, | | bas property (%),

(b) If the absolute value is archimedian, then k has property (¥) if and only
if k is real closed or algebraically closed.

Proof. (a) We show first that (1) implies (2). Following Lang [7, Proposi-
tion 2, p. 29], we find a root for g(x) in the completion of A and then apply a
result of Nagata to conclude the root is in A.

Let f(x) = (x — a)h(x). Then f'(a) = h(0). Let|f'(a)|= |h(a)| =d. We can assume
¢ <1 and now choose 8 = d%. Then if g(x) is of the required form, g(x) =
(x — a)b(x) + cl(x) where I(x) € A[x] and |c]| < d%. Then g'(a) = h(a) + cl'(a)
and so |g'(a)] =d. Also g(a) = cl(a) so |g(a)| <d?% and |g(a)/g'(a)| <
d?%/d = de.

Now let BO =a, B;=B,_,- g(ﬁl_l)/g (/Si_ l). By induction we can show
Biyi - B < de?' 18(B)] < d22. When i =0, B, - Bol <de: lg(Bo)l < 4%
Now suppose |B,-B;_,| < <d€21_l lg(B;_ )l < d% 21 Then |/31+1 B =
l&(B)/g"(B)|. But g(B,)=¢g(B;,_|)+(B;-B;_)&"B;_ 1) +(/8 -B;_ 1) [---] since

(l/l)f(l)(x) is in Alx] for all 1. So g(B)=(B,;- B;_ -] and so [g(B))] <

i .. , 2 9t
dzgf . Slm1larly lg' (B = 1g"(B;_D| = |g"(Bl =d. So LB - Bl <d%e?/d =
de”". Let A be a completion of A with respect to | |. Then we have hml_‘xﬁl

= B is a root of g(x). But by Nagata [9, Theorem 12, p. 31], any element in A
which is separably algebraic over A is in the Henselization of A. So B € A
since, by assumption, A is Hensel. Also |- a| <de<e.
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(3) =>(2) is trivial.

(2) =>(3). Let f(x) = ¥7_, ai € k. By multiplying by a nonzero constant,
we can put all @, in A. Since thlS opetation is bicontinuous, we can assume [(x)
=37 a.xialla. €A, a_#0.

i=0"1 i n . .

Now (a )"'lf(x) = (a x)? + a, (a )" liiii4a _.a;‘l(anx)"_’ +

. n—y
.+ aoa: b(a x) where b(x) =x"+ 2"_1 i ;—l x"I, .
If bnx +bn_1x n-1_ = g(x), let I(x) = x +Z] 1 n_]b; %™, Sup-

pose f(x) has a root a € le,. Then b(x) has a root a,a which must be in A. Then

if ¢ <elb_|, there exists 8' sothatif |b__.b7"1-a’~la | <8’ then I(x)

has a root B’ with |8 —a_a| <¢'. We can also assume |[b_-a ||o| <¢'. Then
let B'=5 B and then |b, B-a a|<e¢,andso |b B-b al<e and |B-af<e
Choose & so that |b,-a | <& for all i implies |b_-a_||a| <¢' and
. . n n
|bn_].b;'1 -al” lan_j| < &', which is certainly possible.
(2)=>(1). By Nagata [8, (43.2)], it is enough to show that if f(x) = x™ +

n-1
i=0 1
Suppose [ does not have such a root, then one can assume { is irreducible

a;x" is in Alx], @ in m, a| not in m, then [ has aroot a in m.

by taking an irreducible factor of f of degree > 1 which has 4 in m, a, not in

m. This [ will have a root o in X, the Henselization of A. Moreover alis a
simple root since a, & m.
We let L be a splitting field for f(x) over k£ and assume k[a] CL. Let Vi
++, v, be the extensions of the valuation v to L. Let H = G(L/k[al) be the
P+, 0, be elements of G(L/k) such that o, H,---, o, H

is a complete set of coset representatives of G/H. Let o, be the identity. Then

f(x) = H(x - 0,0).

i=1

Galois group. Let o

Now v 00, =v, for some i. Let v be chosen so vl(a) > 0. This is possible
since ay, €m. Now if o € G(L/k) and v,%o=v,, we have o € H. Forif 0 ¢ H,
then oa# a and VI(OO«) = 0 (since @, € m). So let v ,+-+, v_ be the different
valuations in the set {v; © o} of valuations restricted to k[a] and suppose v, ap-
pears !; times.
Now choose ¥1=0; ¥y, +++, ys all units in A. Let =1 and g(x) =
Ik -y)™ *?_ Note that t;=1 by the argument given above. Let § be the delta
assigned to g(x), y,, € by (2). ‘Let | |, be the absolute value associated to v .
By the approximation theorem [2, p. 136], we can find B in k[a] such that
IB-yl;<8 i=1,---,s Let II7_ (x - 0,B) = h(x). Then h(x) € Alx] since
B € Alal, and |0i(ﬁ) -yl,=1B - yl;<8 i=1,-++, n. Thus h(x) is near
enough to g(x) to have aroot y in A and |y| <€ which means y is in m and so
= B since, by construction, all other roots of b are units. But 0.8 # 8 for

i>1 and so 8 cannot be in A, a contradiction.
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(b) In [3] it is shown that a real closed field has property (*). A sketch of
the proof follows. Let f(x) have a simple root a in k. Then f'(a)# 0 and
we can find y € k& so that |y| <¢ and f(a-7y) <0< fla+y). By choosing &
small enough, we can be sure that if g(x) is chosen as in (x), we have gla - y)
<0<gla+y) and so g(x) has a root 8 with |B-a| <e

It is obvious that an algebraically closed field has property ().

Now assume k has property (*). By Ostrowski’s theorem [2, p. 131], it is
known that the given absolute value is equivalent to one induced by an embedding
o of k in R or C following by the usual absolute value on R or C.

Case 1. We suppose ¢ maps k into R and so we can consider k£ as a sub-
field of R. If a is a real number algebraic over k, we need only show a € k. Let
[(x) = Irr(, &, x) = H:.’=l(x -a) in Clx]. We can regard o, as the embedding
0,:k[a]eC, o,(a) = a,. The other embeddings of k[a]l <> C are given by o ()
=a. Now let | | equal | |co: k>R (ja+b|= (@2 + 59)"). We easily see
| |, is not equivalent to any of the other | |,. Let | |, | [,+++, | | be the
inequivalent absolute values and let ¢, =1 if 0,(k) CR, and ¢, =2 if not.

Choose y ,+++, y, in k so y,; # y; if i> 1. Choose €< min(|y1 - yi|/2)
and let g(x) = T;_, (x - yl.)ti. Let 8 be the delta assigned by (*) to g(x), ¥, &
and assume § <e. By the approximation theorem [2, p. 136], given &' > 0 we can
find B € k[a] so that |B~y,|. <8 =8/n for i=1,-+, s. Then |0,(B) - y,| <§".

Let b(x) = TI7_, (x - 0,(B)). Then we can choose 8’ so that h(x) is within &
of g(x). Then h(x) has a root y in k within ¢ of y, but this implies y= . We
now get the contradiction; 8 is in & and 0,8 # B.

Before we consider the next case we prove

Lemma. Let g: k < C be an embedding inducing the absolute value | | on
k. Let 7: C — C be any automorphism and let |a|1= |7(a)|. Then k, | | has
property (*) if and only if k, | |, does.

Proof. Assume k, | | has property (*). Identify & with o(k). Let f(x) =
’17=0a1.xi be in klx] with simple root a in k. Then f7(x) = E;’=0r(ai)xi has
simple root 7(a). By assumption, there exists § such that if g(x) = ¥'7_,b %"
where |b,-a | <9, then g’ (x) has a simple root ', where |B' - r(a)| <e
(since |b;,-a |, <& if and only if |r(b,) -~ 7(a,)] <8). Let B=r" 1(B'). Then
|7(B) — r(a)| < € and so |B - a‘r< e and B is a simple root of g(x).

Now back to k<4 C. We wish to show we can assume Case 2: There is a
subfield » of & sothat k is algebraic over b and o(h) CR. To do this, let
{t;};; be a transcendence basis for k over Q. Choose {u}, . asan algebraically
independent set in R and define 7: Q({ti}) <R so r(ti) =u, Extend 7 to
7:k < C and let b= Q({z,}). If the u, are chosen correctly, there -exists an auto-

morphism p of C sothat 7=p°g:k <> C. Replace | | by | |#and we have
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Case 2. There is a subfield » of & such that o(b) CR and k is algebraic
over h. We can consider then » Ck CC, h CR. Take a € R, a algebraic over k.
Then Irr(a, k, x) has a real root a. We can now apply the same argument as in
Case 1 to conclude a € k. Thus k contains a real closure of b in C and so ei-

ther k is real closed or algebraically closed. Q.E.D.

2. Solid k-varieties. Let k be a field, & its algebraic closure. A k-algebraic
set is a subset of 2" which is the set of zeros of some ideal I C[X TEEEN Xn]. A
variety Y is an absolutely irreducible algebraic set (i.e., the algebraic set deter-
mined by I(Y) ® k in E[X Pt Xn] is still Y and cannot be written as the
union of two smaller algebraic sets in £”). In characteristic p, Y must also be
separable, i.e. k(Y) separable over k.
Now let Y, =Y N &™), and K(Y,) = {f € k[X,--+, X _]|{(P) = 0 for all P in
Y,k
Definition. Let Y be a k-variety. Then Y is a solid k-variety if Iv,)=1v).
Now let V be d-dimensional. Let I'[Y] be the coordinate ring A[X P X’J/I(Y).
Then by Noether normalization [10, p. 266], there exist x Pl Xy independent
transcendentals in I'[Y] so that T]Y] = k[xl, . xn] is integral and separable
over k[x .-+, x ). Let 7: Y — A%(E) = E? be the associated projection. Then
7 induces m,: V, — k4.
Now let k& be a field with absolute value | |. We can use this absolute value
to define a metric on &% by defining |P-90| = (z:‘zfl=1 |, (P) - x,(Q)] 3% for P, 0
in k%. We define a sphere Spe Pe€ k%, €>0,to be {0 € k4| |P - Q] <€l

Theorem 2. Let k, | | satisfy (%), Let Y be a k-variety of dimension d,
m Y — k2 as above. Then Y is a solid k-variety if and only if "I;(Yk) contains

some sphere S .

Proof. First assume Y is a solid k-variety. Let B = k[x Pt xn]. Choose
z € B so that k[x Pt X z] has the same quotient field as B. Let f(2) =
S _0;(x oo+, x )Z" be the primitive irreducible polynomial for z over
k(xl,. -+, x,). Then [ is irreducible in k["fl"“ ) X g Z]. Now X 4=
Y7ol G peeey 5/ e e, x )12 where by, e €klxy, e e, x ) Let U=
{P' € Y|am (P £0, all cl.].(P') £ 0, and (9f/9z)(P') # 0}. Then U is Zariski open
and nonempty in Y. Since Y is solid, U NY, is nonempty. Choose P'eUn Y,
and let P = 7(P'). Then z(P') is a simple root of [p(Z) = 2;”=0ai(P)Zi. Now
choose ¢ small enough so that, if Q € k¢ and |Q — P| <e¢, we have

(1) all ci].(Q) £0,

(2) a,(Q) £0,

3) /Q (2) = ZT=0ai(Q)Z' has a simple root a € k.
To get (3) we use the (%) condition.
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We will now show if we define
Q‘ = (xl(Q)a ey xd(Q): xd+1(Q' a)v cee, xn(Qa a))

that Q' is a point of Y, with 7(Q") = Q.

To see this, note [ irreducible in &[x Pt X g Z] implies (f) is prime in
this ring. But Z — z induces a homomorphism k[x Pt X g 71— K[x AL z]
which is onto. Since the image is an integral domain, the kernel must be a prime
ideal containing (f), but by looking at dimensions, we see the kernel must be (/).
So x, —»xi(Q), Z — a, induces a homomorphism k[xl, SEE 5 z] — k. This
homomorphism extends to a homomorphism B — & since all Cij(Q) # 0 and this
corresponds to a point of Y, which is just Q'. This shows n(Y,) D Sp. e

Now assume 7, (Y,) D Spe

We prove the following lemmas.

Lemma 1. If f(x ,c--, x ) €k[x ,-++, x ] and [Sp ) =0 for some sphere,
then [ = 0.

Proof. By induction on d. If d = 1, f{(x) has an infinite number of roots and
so [=0.

For d > 1, we can assume P =(0,..., 0) without loss of generality. Fix a
with |a| <e For glxy,+++,x, ) =[(x},-++, x,_,, a), we have g(Q) = 0 if |Q|
<€~ |a|, and so by-induction g = 0. But then for each fixed a P8 1

f(a 1»°**» d4_1» X) has an infinite number of roots and is identically zero.

Lemma 2. Let Y be a variety of dimension d and let ¢: V — A4E) be a
morphism such that ak(Yk) OSp Then Y is solid.

Proof. If Y is not solid, then there exists an algebraic set W of codimen-
sion one in Y such that WD V,. But then o(W) D0(V,) D0, (V,) D Sp e But
o (W) is of cedimension at least 1 in A%(E) and so there exists / Gk[xl, cee, xd]
such that f(a(W)) = 0 which contradicts Lemma 1.

Now apply Lemma 2 to 7 and we see Y is solid.

3. The dimension theorem for solid k-varieties.

Theorem 3. Let k be a field with an absolute value satisfying (*). Let Y
be a solid k-variety; Wi+, W subvarieties of Y of codimension at least 2.
Then there exists a solid k-variety W of codimension 1 in Y such that WD W,
U..Uw

Proof. Let 7: Y — A%%), d=dimY be as in §2. Then 7 is surjective.
We let #(W) = Z . By [3, Proposition 2], there exist g ,---, g, in klx oo, x )]
such that
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(1) gl.(Z].) =0 for all i, j;

(2) trdeg k(g ,+++, 8) > 2;

(3) g5+ ++, &5 have no common component.

Actually Proposition 2 in [3] was proved with the assumption of characteristic
zero, but this restriction is easily removed.

By Theorem 2, there exists a sphere Sp'€ C ﬂk(Yk). We can arrange it so
that Sp N (U:=lzi) =@ . Now choose f € klx gy, xd] so that f(P) # 0 and
/(Zi) =0, all j. We also choose [ of degree in x ,; greater than that of all the g;’s.
B e e e 5 e

i KXy . ge Sp . again so that
a (5 (P), e, xy_ (P 40,

Consider the map o: A%(E) — A%~ 1 (k) given by o: (x preeaxd = (e Xy )
Then we have a_(0(P)) # 0.

Now multiply f by x , ~ x (P) and we get a new [ with f(Z)) =0, all i, and
moreover x (P) is a simple root of f(x (P), .-+, x,_(P), x ).

Consider the linear system f + 2;?:1 )\igz. which can be considered as a linear
system on Y or on A4E) = #(Y). Then

S m
f+ 2)‘1'31'=“m("1’°"’ xd_l)xé"“+ 2 Ci("l""’ Xg_p Apeen A xy
i1 i=0

=b(Al’...’)\s’ xl,..., xd),

and

am(o(P)) # 0.

Since the a, and the ¢, are continuous in X ,+++, X4, Aj,+++, A_; we can find
spheres S,(py s in k% and Spen in k° so that

If (by,+++, b, ) isin Sopy,er 2nd (A, ee X)) is in So,¢n, then
By eeey A, b ,eeey b,y 4, x,) as a polynomial in x; has a root b, and
(byyeve, by isin Sp .

Now consider /+2f=1)\igi as a linear system on Y. Then by Bertini’s theo-
rem, [4] or [5] as used in [3], we see there is a Zariski neighborhood of
(0,-+, 0) in AS(E) = k" so that for ()\l, -+, A) in this neighborhood, we have
V(f+Y7_12;8,;) is a variety. Here V(/+Y 7_|A.,g)) equals the zeros of  +

1 13
7_1M;8; on Y. Now choose (A,+++, A ) in the intersection of this Zariski
neighborhood with S .. Thenlet W =V(f+ Y7 ;).,g) and it is easy to check
that o o (W) D So(p),¢'- Thenby Lemma 2, W is a solid k-variety and it is easy

to see that it has all the properties we desire.

4. Applications when £ C Q. One can get lots of applications of Theorem 3
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by using Theorem 1 to construct fields with property (*). For instance, let K be
a number field, that is, a finite algebraic extension of Q, the rationals. Then let O
be the algebraic integers in K and choose any prime p CO. Then @ is a rank 1 valua-
tion ring. Let @ be the Henselization of @p, and by Theorem 1, 1f k is the quotient
field of 8 » then k has property (). Note these fields can be embedded in Q, the
algebraic closure of Q.

Now in [1] and [6], Ax and Jarden consider subfields & of O which have the
property that all k-varieties have points in k. It is obvious that this is not the
case for fields constructed from number fields as the following standard examples

show.

Proposition 1. Let O be the ring of integers in some number field, p a prime
in O and Op the localization. Let A be the Henselization of @p and m the maxi-
mal ideal of A. Let k be the quotient field of A. Then there exists a projective

(and bence also an affine) k-curve which has no points in k.

Proof. Note A/mA = Gp/pop and so is finite. We first assume that the
characteristic of A/mA is not 2 and that A/mA is not a field with three elements.
Then we can choose a € A so that a# 0, 1 or 2mod m. Let g = order of A/mA.
Then Xq—lmod m takes on only the values 0 and 1. So the equation X714
Y?~!1 - aZ9-1 defines a projective k-curve C with no k-points. For we can
multiply through so if (X, Y, Z) € C, thenall of X, Y, Z are in A and at least
one is a unit. Then X9~ 1+ Y9120, 1 or 2mod m and is = 0 if and only if X
and Y are both not units. But aZ9~ ! = amod m if Z is a unit and 0 if Z is not
a unit. Thus we get the contradiction that none of X, Y, Z can be units.

If A/mA is of characteristic 2, choose 7> 2 large enough so that m” C (2).
Now choose n so that if X € A, X" =0 or 1 mod m". Then choose a unit a in A
with a£ 1 mod m”. Then X" + Y” = aZ" defines a projective k-curve with no

k-points. Characteristic 3 is taken care of similarly.
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